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ON DERIVED FUNCTORS OF GRADED LOCAL COHOMOLOGY
MODULES-II
TONY J. PUTHENPURAKAL, SUDESHNA ROY, AND JYOTI SINGH
Abstract. Let R = K[X1, . . . , Xn] where K is a field of characteristic zero, and let An(K) be the
nth Weyl algebra over K. We give standard grading on R and An(K). Let I , J be homogeneous
ideals of R. Let M = HiI(R) and N = H
j
J(R) for some i, j. We show that Ext
ν
An(K)
(M,N) is
concentrated in degree zero for all ν ≥ 0, i.e., ExtνAn(K)(M,N)l = 0 for l 6= 0. This proves a
conjecture stated in part I of this paper.
1. Introduction
1.1. Setup: Let K be a field of characteristic zero and R = K[X1, . . . ,Xn] with standard grading.
Let An(K) = K〈X1, . . . ,Xn, ∂1, . . . , ∂n〉 be the nth Weyl algebra over K. Consider An(K) as graded
with degXi = 1 and deg ∂i = −1 for i = 1, . . . , n. Let I, J be homogeneous ideals in R. Fix i, j ≥ 0
and set M = H iI(R) and N = H
j
J(R). In [3, 2.9], Lyubeznik showed that the local cohomology
module H iI(R) is a graded left holonomic An(K)-module for i ≥ 0.
In [5], the first author proved that the de Rham cohomology Hν(∂,H iI(R)) is concentrated in
degree −n for each ν ≥ 0. We have a graded isomorphism
(1.1.1) Hν(∂,H iI(R))
∼= TorAn(K)n−ν (Rr,H iI(R)),
where Rr is R considered as a right An(K)-module by the isomorphism R
r = An(K)/(∂)An(K).
By lR we denote R considered as a left An(K)-module via the isomorphism
lR ∼= An(K)/An(K)(∂).
Let L♯ denote the standard right An(K)-module associated to the left An(K)-module L (see 4.3).
Then it is easy to check that (lR)♯ ∼= Rr. Note that H0(0)(R) = lR. In [6], the first author along
with the third author considerably generalized (1.1.1) and proved the following:
Theorem 1.2 (with hypothesis as in 1.1). [6, Theorem 1.1] Fix ν ≥ 0. Then the graded K vector
space Tor
An(K)
ν (M ♯, N) is concentrated in degree −n, i.e., TorAn(K)ν (M ♯, N)j = 0 for all j 6= −n.
In view of Theorem 1.2, it is natural to investigate ExtνAn(K)(M,N) which is a finite dimensional
K-vector space for any ν ≥ 0, see [1, 2.7.15, 1.6.6].
In [6, Section 8], the first and third author conjectured that ExtνAn(K)(M,N) is concentrated in
degree zero for all ν ≥ 0. They gave several examples in support of this conjecture. The main
result of this paper is an affirmative answer to this conjecture, i.e., we have
Theorem 1.3 (with hypotheses as in 1.1.). [6, Conjecture 1.5] Fix ν ≥ 0. The graded K-vector
space ExtνAn(K)(M,N) is concentrated in degree zero, i.e., Ext
ν
An(K)
(M,N)l = 0 for l 6= 0.
1.4. Techniques used to prove Theorem 1.3:
Consider the Eulerian operator En =
∑n
i=1Xi∂i and set |w| = degw for any homogeneous
element w of a graded An(K)-module W . We say a graded An(K)-module W is Eulerain if
Enw = |w|w for each homogeneous element w of W . We say W is generalized Eulerian if for
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each homogeneous element w of W there exists a positive integer a depending on w such that
(En − |w|)aw = 0.
In this paper we define the following.
Definition 1.5. We say a graded An(K)-module W is strongly generalized Eulerian if for all
homogeneous element w there exists a > 0 independent of w such that
(1.5.2) (En − |w|)aw = 0.
The notion of Eulerian modules was introduced by L. Ma and W. Zhang in [4] over D, the ring of
K-linear differential operators on R = K[X1, · · · ,Xn] for both the cases when K has characteristic
zero and p > 0. But the class of Eulerian D-modules is not closed under extensions (see [4, 3.5(1)]).
To rectify this, in [5] the first author introduced the notion of generalized Eulerian D-modules for
the case of characteristic zero. If charK = 0, then D ∼= An(K). In this paper, we introduce the
notion of strongly generalized Eulerian An(K)-modules.
Recall that if a generalized Eulerian An(K)-moduleM is finitely generated as an R-module, then
M = 0 or M = Rm for some m ≥ 1, see [6, Corollary 5.6]. In Lemma 3.7, we show that for any
finitely generated An(K)-module (e.g., holonomic An(K)-modules) these two notions generalized
Eulerian and strongly generalized Eulerian are equivalent. In particular, we get the following
results:
(a) If T is a graded Lyubeznik functor on ∗Mod(R), then T(R) is a strongly generalized Eulerian
An(K)-module (as T(R) is holonomic by [3, 2.2(d)]).
(b) If M and N are graded holonomic generalized Eulerian An(K)-modules, then Tor
R
i (M,N) is a
holonomic strongly generalized Eulerian An(K)-module for all i ≥ 0.
In fact we do not have an example of a generalized Eulerian module which is not strongly
generalized Eulerian.
In [8, Proposition 3.9], N. Switala and W. Zhang showed that if M is an Eulerian graded An(K)-
module, then so is D(M) := ∗HomR(M,E), where E = H
n
(X1,...,Xn)
(R). From [8, Proposition 2.13]
we have D(M) ∼= ∗HomK(M(−n),K) =M(−n)∨. Inspired by their result, we prove the following:
Theorem 1.6. Let M∨ := ∗HomK(M,K) denote the graded Matlis dual of M . If M is a strongly
generalized Eulerian An(K)-module, then so is M(−n)∨.
As an application of Theorem 1.6 we get the following result:
Corollary 1.7. Let N be strongly generalized Eulerian and M be generalized Eulerian An(K)-
modules. Then ∗ ExtνR(M,N) is generalized Eulerian for any ν ≥ 0.
We use Corollary 1.7 and a spectral sequence argument to prove our main result Theorem 1.3.
The paper is structured as follows: In Section 2 we recall some definitions and basic facts used
in the following sections. In Section 3 we discuss the properties of strongly generalized Eulerian
modules and prove that for any finitely generated An(K)-module, the notions generalized Eulerian
and strongly generalized Eulerian are equivalent. In Section 4 we prove Theorem 1.6 and Corollary
1.7. Section 5 is devoted to proving the main result Theorem 1.3.
2. Preliminaries
In this section, we discuss a few preliminary result that we need.
2.1. Graded Lyubeznik functors Let K be a field (not necessarily of characteristic zero) and
let R = K[X1, . . . ,Xn] be standard graded. We say Y is homogeneous closed subset of Spec(R)
if Y = V (f1, . . . , fs), where fi’s are homogeneous polynomials in R. We say Y is homogeneous
locally closed subset of Spec(R) if Y = Y ′′ − Y ′ where Y ′ ⊂ Y ′′ are homogeneous closed subsets of
2
Spec(R). Let ∗Mod(R) be the category of graded R-modules. Then we have an exact sequence of
functors on ∗Mod(R),
(2.1.3) · · · → H iY ′(−)→ H iY ′′(−)→ H iY (−)→ H i+1Y ′ (−)→ · · · .
Definition 2.2. A graded Lyubeznik functor T is a composite functor of the form T = T1◦T2◦· · ·◦Tm
where each Tj is either H
i
Yj
(−) for some homogeneous locally closed subset Yj of Spec(R) or the
kernel, image or cokernel of any arrow appearing in (2.1.3) with Y = Yj, Y
′ = Y ′j and Y
′′ = Y ′′j
such that Yj = Y
′′
j − Y ′j and Y ′j ⊂ Y ′′j are homogeneous closed subsets of Spec(R).
2.3. Let K be a field of characteristic zero and let R = K[X1, . . . ,Xn] with standard grading. Let
An(K) be the n
th Weyl algebra over K. Set deg ∂i = −1. So An(K) is a graded ring. The Euler
operator, denoted by En, is defined as En =
∑n
i=1Xi∂i. Note that degEn = 0. Let M be a graded
An(K)-module. If z ∈M is a homogeneous element, set |z| = deg z.
Definition 2.4. LetM be a graded An(K)-module. We say M is Eulerian if for any homogeneous
element z ∈M ,
Enz = |z| · z.
Definition 2.5. A graded An(K)-moduleM is said to be generalized Eulerian if for a homogeneous
element z of M there exists a positive integer a depending on z such that
(En − |z|)a · z = 0.
Lemma 2.6. Let M be a graded An(K)-module. Consider a homogeneous polynomial f ∈ R and
let z be a homogeneous element of M . Then
(En − |z|+ |f |)n z
f
=
1
f
(En − |z|)nz, for all n > 1.
Proof. See Lemma 3.6 in [6]. 
2.7. Let S =
⊕
i∈Z Si be a graded ring (not necessarily standard graded). A graded S-module M
is a S-module with a decomposition M =
⊕
i∈ZMi such that SiMj ⊆ Mi+j for all i, j ∈ Z. We
denote the category of graded S-modules by ∗Mod(S). Here the objects are the graded S-modules
and morphism φ : M → N is a S-module homomorphism satisfying φ(Mi) ⊆ Ni for all i ∈ Z.
Let M,N be graded S-modules. A S-module homomorphism φ : M → N is called homogeneous
of degree i if Mn ⊆ Nn+i for all i. By Homi(M,N) we denote the group of homogeneous homo-
morphisms of degree i. Set ∗HomS(M,N) =
⊕
i∈ZHomi(M,N). In general,
∗HomS(M,N) is a
S-submodule of HomS(M,N). For any N ∈ ∗Mod(S) we define ∗ ExtiS(M,N) to be the ith right
derived functor of ∗HomS(M,N) in
∗Mod(S). Thus if I• is a graded injective resolution of N , then
∗ ExtiS(M,N)
∼= H i(∗HomS(M, I•)).
From [2, Exercise 1.5.19.] we have ∗HomS(M(−i), N(−j)) ∼= ∗HomS(M,N)(i − j). Therefore
∗ ExtiS(M(−i), N(−j)) ∼= ∗ ExtiS(M,N)(i − j).
It can be easily shown that if M is finitely presented, then ∗HomS(M,N) = HomS(M,N). If S
is both left and right Noetherian and M is finitely generated, then
∗ ExtiS(M,N) = Ext
i
S(M,N), ∀i ≥ 0.
2.8. Let M and N be any two graded left An(K)-modules. We can define a left An(K)-module
structure on ∗HomR(M,N) extending the natural graded R-module structure by setting
(∂j · ϕ)(m) = ∂j · ϕ(m)− ϕ(∂j ·m).
Let ϕ ∈ Homi(M,N). Then for any m ∈ Mn we have ∂j · ϕ(m), ϕ(∂j ·m) ∈ Mn+i−1 (as ∂j ·m ∈
Mn−1). Thus (∂j · ϕ)(Mn) ⊆Mn+i−1 and hence ∂j · ϕ ∈ Homi−1(M,N).
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Lemma 2.9. Let E be a ∗injective An(K)-module, then E is a
∗injective R-module.
Proof. We know that
∗HomR(−, E) = ∗HomR(−, ∗HomAn(K)(An(K), E)),
∼= ∗HomAn(K)(An(K)⊗R −, E).
Since An(K) is free as graded right R-module, An(K)⊗R− is exact. So ∗HomAn(K)(An(K)⊗R−, E)
is exact and hence ∗HomR(−, E) is exact. It follows that E is a ∗injective R-module. 
Consider a graded injective resolution of N as an An(K)-module
I
• : 0→ N → I0 → I1 → · · · → Ir → · · · .
In view of Lemma 2.9, I• is also a graded injective resolution of N as an R-module. Therefore
∗ ExtiR(M,N)
∼= H i(∗HomR(M, I•)) have a natural structure of graded An(K)-modules.
2.10. Note that M ⊗R N is an An(K)-module with following action of ∂i:
∂i(m⊗ n) = (∂im)⊗ n+m⊗ (∂in).
Now consider a free resolution of the left An(K)-module M
F• : · · · → Fn → · · · → F1 → Fo →M → 0,
where Fi are free An(K)-modules. Since An(K) is a free R-module, the complex F• is a resolution
of M by free R-modules. It follows that TorRν (M,N) = Hν(F• ⊗R N) have a natural structure of
An(K)-modules (see [1, p. 18] ).
3. Strongly generalized Eulerian Modules
In this section we discuss properties of the new class of graded An(K)-modules called strongly
generalized Eulerian (Definition 1.5). Let T be a graded Lyubeznik functor on ∗Mod(R). Applying
our theory of strongly generalized Eulerian module we prove that T(M) is strongly generalized
Eulerian for any strongly generalized Eulerian module M .
The following properties of strongly generalized Eulerian modules have already been proved for
the case of generalized Eulerian modules in [5]. Since proofs are almost similar to that of Proposition
2.1, Proposition 3.2, Proposition 5.3 and Theorem 6.3 in [5], so here we skip proofs.
Proposition 3.1. Let 0→ N →M → L→ 0 be a short exact sequence of graded An(K)-modules.
Then M is strongly generalized Eulerian if and only if N,L are strongly generalized Eulerian.
Proposition 3.2. Let M be a strongly generalized Eulerian An(K)-module. Then the An−1(K)-
module Hi(∂n,M)(−1) is strongly generalized Eulerian for i = 0, 1.
Proposition 3.3. Let M be a strongly generalized Eulerian An(K)-module. Then Hi(Xn,M) is
strongly generalized Eulerian An−1(K)-module for i = 0, 1.
Proposition 3.4. Let M and N are graded strongly generalized Eulerian An(K)-modules. Then
TorRi (M,N) is a strongly generalized Eulerian An(K)-module for all i ≥ 0.
Now we show that for any finitely generated An(K)- module , the notions of generalized Eulerian
and strongly generalized Eulerian are equivalent. For this, first we prove the following lemma:
Lemma 3.5. Let An(K) be the n
th Weyl algebra. Then for any e ∈ Z and i = 1, . . . , n, we have
(En − e) ·Xi = Xi(En − (e− 1)) and (En − e) · ∂i = ∂i(En − (e+ 1)).
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Proof. Recall that ∂iXi = 1 + Xi∂i and ∂jXi = Xi∂j for all j 6= i. Thus we have (Xi∂i) · Xi =
Xi(1 +Xi∂i) and hence
(En − e) ·Xi =

Xi∂i +
n∑
j=1
j 6=i
Xj∂j − e

 ·Xi,
= Xi

Xi∂i +
n∑
j=1
j 6=i
Xj∂j − e+ 1

 ,
= Xi(En − (e− 1)).
Again (Xi∂i) · ∂i = (∂iXi − 1) · ∂i = ∂iXi∂i − ∂i = ∂i(Xi∂i − 1). Therefore
(En − e) · ∂i =

Xi∂i +
n∑
j=1
j 6=i
Xj∂j − e

 · ∂i,
= ∂i

Xi∂i +
n∑
j=1
j 6=i
Xi∂i − e− 1

 ,
= ∂i(En − (e+ 1)).

Remark 3.6. From Lemma 3.5, we get the following:
(i) (En − e) ·Xi∂j = Xi(En − (e− 1)) · ∂j = Xi∂j(En − (e− 1 + 1)) = Xi∂j(En − e),
(ii) (En − e) · ∂jXi = ∂j(En − (e+ 1)) ·Xi = ∂jXi(En − (e+ 1− 1)) = ∂jXi(En − e),
(iii) (En − e) ·Xti = Xi(En − (e− 1)) ·Xt−1i = · · · = Xti (En − (e− t)),
(iv) (En − e) · ∂tj = ∂j(En − (e+ 1)) · ∂t−1j = · · · = ∂tj(En − (e+ t)),
for all 1 ≤ i, j ≤ n and t ≥ 1.
Proposition 3.7. Let M be a finitely generated graded An(K)-module. Then M is generalized
Eulerian if and only if it is strongly generalized Eulerian.
Proof. Converse holds from the definition. We only need to prove the direct implication. Let
{m1, . . . ,mr} be a finite set of homogeneous generators ofM . Let degmi = ei and (En−ei)bi ·mi = 0
for some bi > 0. Set b = max{b1, . . . , br}. We want to show that for any e ∈ Z, (En − e)b ·m = 0
for all m ∈Me.
Denote α = (α1, . . . , αn) ∈ Nn and |α| = α1 + · · · + αn. Take d =
∑
|α−β|=t cα,βX
α∂β ∈ An(K)
where Xα∂β = Xα11 · · ·Xαnn ∂β11 · · · ∂βnn and cα,β ∈ K. By Remark 3.6, for any a ≥ 1 we get that
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(En − e)ad =
∑
|α−β|=t
cα,β(En − e)a ·Xα∂β ,
=
∑
|α−β|=t
cα,βX
α(En − (e− |α|))a · ∂β ,
=
∑
|α−β|=t
cα,βX
α∂β(En − (e− |α|+ |β|))a,
=
∑
|α−β|=t
cα,βX
α∂β(En − (e− t))a,
= d(En − (e− t))a.
If m =
∑r
i=1 dimi ∈Me, then deg di = degm− degmi = e− ei. Now we have
(En − e)b ·m =
r∑
i=1
(En − e)b · dimi,
=
r∑
i=1
di(En − (e− (e− ei)))b ·mi,
=
r∑
i=1
di(En − ei)b−bi(En − ei)bi ·mi,
= 0.
The result follows. 
Remarks 3.8.
(i) Recall that any holonomic An(K)-module is finitely generated as an An(K)-module. So
Lemma 3.7 implies that for these modules both the notions generalized Eulerian and strongly
generalized Eulerian are equivalent.
(ii) IfM is a finitely generated graded An(K)-module with a finite generating set {m1, . . . ,mr},
then by Lemma 3.7 we get thatM is strongly generalized Eulerian if and only if mi satisfies
(1.5.2) for every i. In particular, An(K)/J is strongly generalized Eulerian for a homo-
geneous left ideal J in An(K) if and only if 1 ∈ An(K)/J satisfies (1.5.2) if and only if
E
a
n · 1 = Ean = 0 ∈ An(K)/J , i.e., Ean ∈ J for some a > 0.
From [6, Theorem 1.7] we have T(R) is generalized Eulerian An(K)-module. Now we prove the
following:
Theorem 3.9. Let T be a graded Lyubeznik functor on ∗Mod(R). Let M be a strongly generalized
Eulerian An(K)- module. Then T(M) is strongly generalized Eulerian An(K)-module.
Proof. First we claim that if M is strongly generalized Eulerian, then Mf is strongly generalized
Eulerian for any homogeneous polynomial f ∈ R. Let m ∈M be any homogeneous element. Since
M is strongly generalized Eulerian, (En − |m|)am = 0 for some a > 0. Notice | mf i | = |m| − |f i|.
By Lemma 2.6, we get that
(En − |m|+ |f i|)am
f i
=
1
f i
(En − |m|)am = 0.
Thus Mf is strongly generalized Eulerian for any homogeneous polynomial f ∈ R. This follows
that Mf1...fs is also strongly generalized Eulerian for homogeneous polynomials f1, . . . , fs in R. Let
I be an ideal of R generated by f1, . . . , fs ∈ R and C• be the Cˇech compex of M with respect to
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I. Then by the Cˇech complex characterization of local cohomology and Proposition 3.1, H iI(M) is
strongly generalized Eulerian An(K)-module for all i ≥ 0.
Let Y = Y ′′ − Y ′, where Y ′, Y ′′ are homogeneous closed sets of Spec(R). Then H iY ′(M) and
H iY ′′(M) are both strongly generalized Eulerian An(K)-module. It follows from Proposition 3.1
that H iY (M) is a strongly generalized Eulerian An(K)-module. Since T = T1 ◦T2 ◦ . . . ◦Ts and each
Ti(M) is a graded An(K)-submodule of H
i
Y (M), by Proposition 3.1 and using induction it follows
that T(M) is a strongly generalized Eulerian An(K)-module. 
Corollary 3.10. Let T be a graded Lyubeznik functor on ∗Mod(R). Then T(R) is strongly gener-
alized Eulerian An(K)-module.
Proof. This follows immediately from Theorem 3.9 as R is Eulerian An(K)-module . 
4. Matlis dual of Graded Module M
We know that all the de Rham cohomology, Koszul homology and local cohomology modules are
generalized Eulerian and behave nicely. In this section, we wish to investigate similar properties
for M∨, the graded Matlis dual of M using the notion of strongly generalized Eulerian modules.
Definition 4.1. Let R = K[X1, . . . ,Xn] be a polynomial ring in n variables. Let m = (X1, . . . ,Xn)
be the graded unique homogeneous maximal ideal of R. Then the Matlis dual of a graded R-module
M is defined by
M∨ = ∗HomK(M,K).
We can view M as graded K-module and then M∨ is a graded K-module with grading
(M∨)i = HomK(M−i,K)
for all i ∈ Z, see [2, 3.6, p. 141]. Clearly M∨ has a natural structure as a graded R-module. We
can consider K ∼= R/m as graded R-module with K0 = K and Ki = 0 for all i 6= 0. Let ∗ER(K)
denote the graded injective hull of K. By [2, Proposition 3.6.16] we have that
R∨ = ∗HomK(R,K) ∼= ∗ER(K),
and M∨ = ∗HomK(M,K) ∼= ∗HomR(M,R∨) ∼= ∗HomR(M, ∗ER(K))
for all graded R-modules M , where the map
ϕ : ∗HomR(M,
∗ HomK(R,K))→ ∗HomK(M,K)
is defined by ϕ(α)(x) = α(x)(1R) for all α ∈ ∗HomR(M, ∗ HomK(R,K)) and x ∈M .
4.2. Transposition of An(K):
The standard transposition of An(K) is τ : An(K)→ An(K) defined by
τ(h∂α) = (−1)|α|∂αh
for all h ∈ R = K[X1, . . . ,Xn] and α ∈ Nn. Note that
(i) τ(ab) = τ(b)τ(a) for all a, b ∈ An(K),
(ii) τ2 = idAn(K).
From this we get that
(1) τ(an) = τ(a)n for any n ∈ N and a ∈ An(K),
(2) τ(En) = τ(
∑n
i=1Xi∂i) =
∑n
i=1 τ(Xi∂i) =
∑n
i=1−∂iXi = −
∑n
i=1(Xi∂i + 1) = −En − n (as
∂iXi −Xi∂i = 1 for all i).
4.3. Transposition of left An(K)-module:
For any left An(K)-module M , the transpose M
♯ of M is a right An(K)-module such that
(i) M ♯ =M as abelian groups,
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(ii) the right An(K)-action ⋆ on M
♯ is defined as m⋆a = τ(a) ·m for all a ∈ An(K) and m ∈M ♯.
If M =
⊕
i∈ZMi is a graded left An(K)-module, then M
♯ is also graded with M ♯ =
⊕
i∈ZMi.
Remark 4.4. For any graded An(K)-module M , one can give a left An(K)-module structure on
the module ∗HomK(M,K) extending the natural R-module structure by
(∂i · ϕ)(m) = ϕ(τ(∂i) ·m)
for all m ∈ M and ϕ ∈ ∗HomK(M,K), as in [8, Section 3, p. 9]. Note that if ϕ1 = ϕ2, then
(∂i ·ϕ1−∂i ·ϕ2)(m) = (∂i · (ϕ1−ϕ2))(m) = (ϕ1−ϕ2)(τ(∂i) ·m) = ϕ1(τ(∂i) ·m)−ϕ2(τ(∂i) ·m) = 0
(as ϕ1 = ϕ2) for all m ∈M and hence ∂i · ϕ1 = ∂i · ϕ2. Therefore the action is well-defined.
Now we prove the following result which is inspired by Proposition 3.9 in [8]:
Lemma 4.5. If M is a strongly generalized Eulerian An(K)-module, then so is M(−n)∨.
Proof. Since M is a strongly generalized Eulerian, for m ∈ M(−n)−i = M−n−i there exists a > 0
such that (En− (−n− i))a ·m = 0. Thus for each ϕ ∈ (M(−n)∨)i = HomK(M(−n)−i,K) and each
m ∈M(−n)−i, we have
((En − i)a · ϕ)(m) = ϕ(τ((En − i)a) ·m)
= ϕ((τ(En − i))a ·m) as τ(an) = τ(a)n
= ϕ((τ(En)− i)a ·m)
= ϕ((−En − n− i)a ·m)
= (−1)aϕ((En + n+ i)a ·m) = 0.
Hence (En − i)a · ϕ = 0. The result follows. 
The following result is well-known.
Lemma 4.6. Let M and N be graded R-modules. Then
∗ ExtiR(M,N
∨) = TorRi (M,N)
∨ for all i ≥ 0.
Theorem 4.7. Let N be strongly generalized Eulerian and M be generalized Eulerian An(K)-
modules. Then ∗ ExtiR(M,N) is generalized Eulerian for all i ≥ 0..
Proof. Since N is a strongly generalized Eulerian An(K)-modules, so is N(−n)∨ by Lemma 4.5. In
view of [6, Theorem 6.3] we get that TorRi (M,N(−n)∨) is generalized Eulerian. From Subsection
2.7 we have ∗ ExtiR(M(−i), N(−j)) = ∗ ExtiR(M,N)(i − j). Hence[
TorRi
(
M,N(−n)∨)] (−n)∨ = [TorRi (M(−n), N(−n)∨)]∨ ,
= ∗ ExtiR(M(−n), N(−n)∨∨),
= ∗ ExtiR(M(−n), N(−n)),
= ∗ ExtiR(M,N)
is generalized Eulerian. 
Theorem 4.8. Let M,N be strongly generalized Eulerian An(K)-modules. Then
∗ ExtRi (M,N) is
a strongly generalized Eulerian An(K)-module for all i ≥ 0.
Proof. From Proposition 3.4 and Lemma 4.5 we get that TorRi (M,N(−n)∨) is strongly generalized
Eulerian. Following the same method as Theorem 4.7 one can easily show that ∗ ExtRi (M,N) is
strongly generalized Eulerian. 
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Remarks 4.9.
(i) If M,N are holonomic An(K)-modules, then Tor
R
i (M,N) is holonomic for all i ≥ 0 by [1,
Theorem 1.6.4]. In view of [8, Example 3.14] we get that M(−n)∨ need not be holonomic
even if M is holonomic. So from the proof of Theorem 4.7 we can’t say whether ExtiR(M,N)
is holonomic or not.
(ii) If ExtiR(M,N) is supported at m, then Ext
i
R(M,N)
∼= ER(K)(n)ν for some ν (possibly infi-
nite), see[3, Proposition 2.3, Theorem 2.4]. In particular, if M = H iI(R) and N = H
j
J(R) for
some homogeneous ideals I, J in R and
√
I + J = m, then there exists some νi ≥ 0 (possibly
infinite) such that ExtiR(M,N)
∼= ER(K)(n)νi .
5. Ext functor of An(K)-modules
In this section, we provide a proof of our main result Theorem 1.3 which has already been
conjectured by the first and third author in [6] with strong evidence. To prove the result, first we
show the existence of a first quadrant graded spectral sequence which is nontrivial and plays a vital
role in the proof.
The following result from [7] plays a very crucial role to prove Theorem 1.3:
Lemma 5.1. [7, p. 11] Let M2,M3 be left An(K)-modules and M1 be a right An(K)-module. Then
HomAn(K)(M1 ⊗R M2,M3) ∼= HomAn(K)(M2,HomR(M1,M3)).
Remark 5.2. Similarly one can easily show the graded version of the above result: If M2,M3 are
graded left An(K)-modules and M1 is a graded right An(K)-module, then
∗HomAn(K)(M1 ⊗R M2,M3) ∼= ∗HomAn(K)(M2, ∗HomR(M1,M3)).
Now we prove the following theorem which is the key result of this section and helps us to give
the proof of the Theorem 1.3:
Theorem 5.3. Let M,N and L be graded An(K)-modules. Then there exists a first quadrant
graded spectral sequence
∗ Extp
An(K)
(R, ∗ ExtqR(M,N)) =⇒ ∗ Extp+qAn(K)(M,N).
Proof. Let P• be a finitely generated graded free resolution of R as a An(K)-module and I
• be
a graded resolution of N by ∗injective An(K)-modules. Note that I
• is also a graded injective
resolution of N as an R-module by Lemma 2.9. From Lemma 5.1 we have a graded isomorphism
of bi-complexes
∗HomAn(K)(P•,
∗HomR(M, I
•)) ∼= ∗HomAn(K)(P• ⊗R M, I•).
Set X := ∗HomAn(K)(P•,
∗HomR(M, I
•) and Y := ∗HomAn(K)(P• ⊗R M, I•). Since X ∼= Y as
bigraded complexes, so we have Tot(X) ∼= Tot(Y ).
Now we compute the cohomology of Tot(Y ). Set Epq = ∗HomAn(K)(Pp⊗RM, Iq). Also we have
Hp(Pp ⊗R M) = TorRp (R,M) =
{
0 if p > 0
M if p = 0
Now Iq is a ∗injective D-module. So
Hp(∗HomAn(K)(P• ⊗R M, Iq)) =
{
∗HomAn(K)(M, I
q) if p = 0
0 if p 6= 0
It follows that
IEpq1 =
{
∗HomAn(K)(M, I
q) if p = 0
0 if p 6= 0
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Now we take cohomology (arrows columns) and get
IEpq2 =
{ ∗ Extq
An(K)
(M,N) if p = 0
0 if p 6= 0
The spectral sequence degenerates and hence Hn(Y ) = ∗ ExtnAn(K)(M,N).
Now we compute the cohomology of Tot(X). Set Epq = ∗HomAn(K)(Pq,
∗HomR(M, Ip)). Tak-
ing cohomology (arrows rows), we get Hp(∗HomR(M, I
•)) = ∗ ExtpR(M,N). Since Pq is a finitely
generated free An(K)-module, so we have
Hp(∗HomAn(K)(Pq,
∗HomR(M, I
•))) ∼= ∗HomAn(K)(Pq, ∗ ExtpR(M,N)).
Hence
IEpq1 =
∗HomAn(K)(Pq,
∗ ExtpR(M,N)).
By taking cohomology (arrows columns), we get IEpq2 =
∗ Extq
An(K)
(R, ∗ ExtpR(M,N)). It follows
that
∗ Extp
An(K)
(R, ∗ ExtqR(M,N)) =⇒ ∗ Extp+qAn(K)(M,N).

Lemma 5.4. Let L be a generalized Eulerian An(K)-module (not necessarily holonomic). Then
ExtiAn(K)(
lR,L) ∼= H i(∂, L)(−m).
Proof. Note that H i(∂, L) ∼= TorAn(K)n−i (Rr, L) is an isomorphism as graded K-vector spaces. More-
over, by [1, Chapter 2, 7.5] we have a graded isomorphism
ExtiAn(K)(
lR,L) ∼= TorAn(K)n−i ((lR)†, L),
where (−)† = ExtnAn(K)(−, An(K)). By [6, Lemma 8.8] we have (lR)† ∼= Rr(−n). Therefore
ExtiAn(K)(
lR,L) ∼= TorAn(K)n−i (Rr(−n), L),
∼= TorAn(K)n−i (Rr, L)(−n),
∼= H i(∂, L)(−n).
The result follows. 
We are now in a position to give a proof of our main result:
Theorem 5.5. Let M and N be non-zero left holonomic generalized Eulerian An(K)-modules. Fix
i ≥ 0. Then the graded K-vector space ExtiAn(K)(N,M) is concentrated in degree zero.
Proof. In view of Lemma 5.4, we have
Extp
An(K)
(lR, ∗ ExtqR(M,N))
∼= Hp(∂, ∗ ExtqR(M,N))(−n).
Since N is holonomic, N is strongly generalized Eulerian by Lemma 3.7. So by Theorem 4.7, we get
that ExtqR(M,N)) is generalized Eulerian. Therefore H
p(∂,ExtqR(M,N)) is concentrated in degree
−n by [5, Theorem 3.1].
Since from Theorem 5.3 we have a graded convergence
∗ Extp
An(K)
(R, ∗ ExtqR(M,N)) =⇒ ∗ Extp+qAn(K)(M,N),
it follows that ExtiAn(K)(M,N) is concentrated in degree zero. 
As a consequence, we have the following surprising result:
10
Corollary 5.6. If M and N are graded holonomic generalized Eulerian left An(K)-modules, then
any extensions
ηi : 0→ N(i)→ Y →M → 0
splits for all i 6= 0.
Proof. This follows immediately from Theorem 5.5 as Ext1An(K)(M,N)i = 0 for all i 6= 0. 
Remark 5.7. From [5, Proposition 2.2] we know that if N is a non-zero generalized Eulerian
An(K)-module. Then the shifted module N(i) is not a generalized Eulerian for i 6= 0.
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